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ABSTRACT : Kriging, the geostatistical interpolation technique, calculates an interpolation function that minimizes the estimation
variance. Kriging is very flexible and can be used to filter white noise (Error Cokriging) or coloured noise (Factorial Kriging) out of
stacking velocity data (for instance). On the other hand, splines calculate the interpolation function that minimizes a regularisation
operator such as the average curvature (thin plate splines). Smoothing splines can also be used to filter noise out of the data.
Conditional simulation is a geostatistical  technique which consists of sampling realisations from the a priori variogram-based
model. Geostatistical inversion is an extension of conditional simulation, where acoustic impedance realisations are generated
which also match (after convolution) the seismic data.  We will see that close relationships exist between geostatistical and
optimisation techniques such as splines.

KRIGING AND INTERPOLATING SPLINES

Traditionally, a statistical formalism is used to
introduce kriging. At each location of the plane (mapping
applications) or of space, the value of a property at an unknown
location is estimated as a linear combination of the data
surrounding this location. The weights are calculated such
that the estimate is unbiased, and the variance of the estimation
error is minimized. Figs 1 shows a simple kriging example.

Fig. 2 shows a “thin plate” spline function
interpolation. This function honours the data points and
minimizes the curvature (Briggs, 1974).  The expression of the
spline function is known to be equivalent to that of kriging
with a linear trend and a generalized covariance of order 1
equal to K(r)=r2 Logr  (Matheron, 1981).

ERROR COKRIGING AND SMOOTHING SPLINES

Error cokriging is a generalization of kriging to the
situation where measurements at data points are affected by
an uncorrelated random error, that is an error which has a flat
variogram (also called pure nugget effect, which represents
white noise). Figs. 3 and 4 show the difference between kriging
without a nugget effect (honouring the data) and error
cokriging (filtering the noise). As in the case of kriging and
interpolating splines, error cokriging and smoothing splines
can be shown to be closely related with each other (Kimeldorf
and Wahba, 1970).

FACTORIAL KRIGING

It may happen that the model of error cokriging is
insufficient to filter measurement errors out of the data. This
is often the case with stacking velocities, which may be

Figure 1: Example of a kriged surface obtained with linear covari-
ance and constant trend model.

Figure 2: Example of a kriged surface obtained with thin plate spline
model (same data as fig 1).
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affected by acquisition or interpretation artefacts (footprints)
that cannot be modelled as uncorrelated random errors. They
must rather be represented by a more sophisticated model,
sometimes called that of “coloured noise” in opposition to
the white noise model used by error cokriging. Coloured noise
is often anisotropic and follows a short range variogram (while
white noise  has a zero range variogram). Figs 5 and 6 show
the difference between ordinary kriging (honouring the data)
and Factorial Kriging (filtering the correlated artefact) on a
stacking-velocity mapping example.

CONDITIONAL SIMULATION

With conditional simulation, the approach is different
from that of kriging. Now, the goal is to generate a model that
is everywhere representative of the variability (spatial

heterogeneity) of the parameter of interest (Fig. 7). With
conditional simulation, a large number of realisations can be
sampled. All these realisations honor the well data and share
the same variogram as  the parameter of interest.

GEOSTATISTICAL INVERSION

Haas and Dubrule, 1994, show how conditional
simulation can be used to generate acoustic impedance
realisations constrained by seismic data. The technique,
known as geostatistical inversion, generates realisations which

Figure 3: Example of a  horizon-consistent stacking velocity map
using a variogram with no nugget effect (ordinary kriging).

Figure 4: Example of a horizon-consistent stacking velocity map
obtained using error cokriging (same data as Fig. 3).

Figure 5: Example of a horizon-consistent stacking velocity map
obtained using ordinary kriging.

Figure 6: Example of a horizon-consistent stacking velocity map
obtained using factorial kriging (same data as Fig. 5).

Figure 7: Example of 3D conditional simulation obtained with
spherical covariance and constant trend model
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have the same variogram as the well data, and match seismic
data (after 1D convolution of reflectivity). As compared with
standard stratigraphic inversion techniques, geostatistical
inversion presents a number of benefits:

- well data are honored

- the sampled realisations are at the vertical frequency
required for a detailed 3D reservoir  model

- uncertainties, related to the fact that higher frequencies
than those of the seismic data are injected in the models,
are quantified through the generation of multiple
realisations.

KRIGING AND REGULARISATION-BASED ESTIMATION
TECHNIQUES

Let us consider the case where data values zα are
affected by measurement errors. Kimeldorf and Wahba, 1970
have proved the equivalence between error cokriging
(although they did not use the same term) and smoothing
splines. In the finite case, both techniques minimize a quadratic
form of the type:
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The first term of (1) is a quadratic form in the
interpolated values z at all the nodes of the interpolated grid
(indices u and v), whilst the second term measures the
difference between the measured values yα and the
interpolated values zα at the data points. The wα ’s are weights
used to balance each term of expression (1).

In the spline literature, the choice of the
regularization operator is driven by computational
convenience. On the other hand, geostatisticians implicitly
derive the first term of the equation from the covariance
function, which quantifies the a priori geological knowledge.

CONCLUSION

We have reviewed some of the applications of kriging
for the interpolation of noisy data, including those data affected
by white noise (error cokriging) and those affected by coloured
noise (factorial kriging). We have also seen that conditional
simulation and geostatistical inversion are stochastic
techniques, in the sense that they generate multiple realisations
constrained by wells, variogram models and seismic. Behind
the different terminology, it appears that deterministic
optimisation (or more generally regularisation-based
techniques) and geostatistics are closely related via the inverse
of the covariance function (Dubrule, 1998).
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